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Abstract
A new uniform asymptotic expansion for the incomplete gamma function Γ(a, z)
valid for large values of z was given by the author in J. Comput. Appl. Math.
148 (2002) 323–339. This expansion contains a complementary error function of
an argument measuring transition across the point z = a, with easily computable
coefficients that do not involve a removable singularity in the neighbourhood of this
point. In this note we correct a misprint in the listing of certain coefficients in this
expansion and discuss in more detail the situation corresponding to Γ(a, a).
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1. Introduction
The incomplete gamma functions γ(a, z) and Γ(a, z) (together with their normalised
counterparts P (a, z) and Q(a, z)) are defined by the integrals
P (a, z) :=
γ(a, z)
Γ(a)
=
1
Γ(a)
∫ z
0
ta−1e−tdt (ℜ(a) > 0),
Q(a, z) :=
Γ(a, z)
Γ(a)
=
1
Γ(a)
∫ ∞
z
ta−1e−tdt (| arg z| < π), (1.1)
where a and z are complex variables and the integration paths do not cross the negative
real axis. The normalised functions P (a, z) and Q(a, z) satisfy the identity
P (a, z) +Q(a, z) = 1. (1.2)
A review of the different types of expansion for Γ(a, z) that exist in the literature is
presented in [6]. Earlier expansions not valid in the neighbourhood of the transition point
z = a are associated with the names of Mahler (1930) [4] and Tricomi (1950) [8], although
Tricomi also gave an expansion of a more uniform character for Q(a+ 1, a+ x
√
2a).
A significant advance in the understanding of the uniform asymptotic structure of
the incomplete gamma function was made by Temme [7], where it was established that
Q(a, z) ∼ 1
2
erfc
(
η
√
1
2a
)
+
e−
1
2
aη2
√
2πa
∞∑
k=0
Ck(η) a−k (1.3)
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as a→∞. The auxiliary variable η measures transition through z = a and is defined by
η = {2(λ− 1− log λ)}1/2, λ = z/a, with the branch being chosen so that η(λ) is analytic
near λ = 1 (z = a) and η ∼ λ− 1 as λ→ 1. The coefficients Ck(η) are defined recursively
by
C0(η) = 1
λ− 1 −
1
η
, Ck(η) = 1
η
d
dη
Ck−1(η) + γk
λ− 1 (k ≥ 1)
where γk are the Stirling coefficients; see (3.1). The expansion (1.3) holds uniformly in
|z| ∈ [0,∞) for a wide domain of complex a and z; see [7]. The above form captures
the change in asymptotic structure through the point z = a (where η = 0) as well as
describing the large-a asymptotics, but suffers from the inconvenience of the coefficients
Ck(η) possessing a removable singularity at η = 0. This last fact results in their evaluation
in the neighbourhood of the transition point being difficult.
A new uniform asymptotic expansion for the incomplete gamma functions valid for
large values of z was given in [6]. For Γ(a, z) this takes the form
Γ(a, z) ∼ za− 12 e−z
{√
π
2
eχ
2/2erfc
(
χ√
2
) ∞∑
k=0
Ak(χ)
zk/2
−
∞∑
k=1
Bk(χ)
zk/2
}
(1.4)
for ℜ(z − a) ≥ 0, where the variable χ = (z − a)/√z, together with an analogous result
for γ(a, z). This expansion also contains a complementary error function of an argument
measuring transition through the point z = a, with easily computable coefficients Ak(χ)
and Bk(χ) that do not involve a removable singularity at z = a. An expansion of a
similar nature for Γ(a, z), but for a → ∞, is described in Dingle’s book [3, p. 249]; see
also [6, Section 4].
The procedure employed in [3, 6] consists of factorising the exponential factors ap-
pearing in the integrands of appropriate integral representations for Γ(a, z) and γ(a, z)
into an exponential factor containing only the linear and quadratic terms and another
factor that is expanded in ascending powers of the integration variable. Although these
expansions are not valid in as large a domain of complex a and z as that in (1.3), the
coefficients have the advantage of being more straightforward to compute near z = a.
In this note we correct an error in the presentation of the coefficients Ak(χ) and Bk(χ)
in [6] and discuss their computation away from the neighbourhood of z = a. We also
examine in more detail the expansion (1.4) when z = a.
2. The expansion for Γ(a, z)
For completeness in presentation we give an outline of the arguments described in [6,
Section 2] omitting technical details. We first consider the expansion for Γ(a, z) for large
z where, with the change of variable t = zeτ in (1.1), we find
Γ(a, z) = za
∫ ∞
0
eaτ−ze
τ
dτ = zae−z
∫ ∞
0
e−(z−a)τ−
1
2
zτ2H(τ ; z) dτ (2.1)
for | arg z| < 12π. In (2.1) we have written the exponential eaτ−ze
τ
in factored form with
H(τ ; z) = e−zh(τ), h(τ) := eτ − 1− τ − 12τ2.
We expand the factor H(τ ; z) as a finite Taylor series
H(τ ; z) =
n−1∑
k=0
ck(z)
k!
τk + rn(τ ; z) (n = 1, 2, . . .), (2.2)
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Table 1: Values of the coefficients S3(k, j) for 1 ≤ j ≤ 6 and 3 ≤ k ≤ 20.
k\j 1 2 3 4 5 6
3 1
4 1
5 1
6 1 10
7 1 35
8 1 91
9 1 210 280
10 1 456 2100
11 1 957 10395
12 1 1969 42735 15400
13 1 4004 158301 200200
14 1 8086 549549 1611610
15 1 16263 1827826 10335325 1401400
16 1 32631 5903898 57962905 28028000
17 1 65382 18682014 297797500 333533200
18 1 130900 58257810 1439774336 3073270200 190590400
19 1 261953 179765973 6662393738 24234675465 5431826400
20 1 524077 550478241 29844199346 172096749825 89625135600
where rn(τ ; z) denotes the remainder term. The coefficients ck(z) satisfy the recurrence
relation
ck+1(z) = −z
k∑
j=2
(
k
j
)
ck−j(z) (k ≥ 2),
with c0(z) = 1 and c1(z) = c2(z) = 0. The ck(z) are polynomials in z of degree ⌊k/3⌋
given by
ck(z) =
⌊k/3⌋∑
j=0
(−)jS3(k, j) zj , S3(k, 0) = δ0k, (2.3)
where the coefficients1 S3(k, j) are the 3-associated Stirling numbers of the second kind
defined by [2, p. 222]
exp
[
u
(
t3
3!
+
t4
4!
+ · · ·
)]
=
∞∑
k=0
⌊k/3⌋∑
j=0
S3(k, j)
ujtk
k!
and δ0k is the Kronecker symbol. In Table 1 we show the values of S3(k, j) for 1 ≤ j ≤ 6
and 3 ≤ k ≤ 20.
Substitution of the expansion (2.2) into the integral (2.1) then yields
Γ(a, z) = zae−z
{n−1∑
k=0
ck(z)
k!
∫ ∞
0
τke−(z−a)τ−
1
2
zτ2 dτ +Rn(a, z)
}
, (2.4)
1In [6], the coefficients S3(k, j) were denoted by αj(k).
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where
Rn(a, z) =
∫ ∞
0
e−(z−a)τ−
1
2
zτ2rn(τ ; z) dτ.
The integrals in (2.4) can be evaluated in terms of the parabolic cylinder function Dν(z)
as ∫ ∞
0
τke−(z−a)τ−
1
2
zτ2 dτ = z−(k+1)/2k! dk(χ), dk(χ) := e
χ2/4D−k−1(χ),
χ :=
z − a√
z
,
whence we obtain the result
Γ(a, z) = zae−z
{n−1∑
k=0
ck(z)
z(k+1)/2
dk(χ) +Rn(a, z)
}
.
We now choose n = 3m + 4, m = 0, 1, 2 . . . . In [6], it is established that Rn(a, z) =
O(z−m/2−1) as z →∞ in | arg z| < 12π. Thus we obtain2
Γ(a, z) = za−
1
2 e−z
{ 3m∑
k=0
ck(z)
zk/2
dk(χ) +O(z
−(m+1)/2)
}
, ℜ(z − a) ≥ 0 (2.5)
as |z| → ∞ in | arg z| < 12π.
The functions dk(χ) involve the parabolic cylinder functions of negative integer order
and so can be expressed by recurrence in terms of the complementary error function,
since
d0(χ) =
√
π
2
eχ
2/2 erfc
(
χ√
2
)
. (2.6)
From the recurrence relation Dν+1(z)−zDν(z)+νDν−1(z) = 0 satisfied by the parabolic
cylinder function, we obtain
dk+1(χ) =
1
k + 1
{dk−1(χ)− χdk(χ)} (k = 0, 1, 2 . . .), (2.7)
where d−1(χ) = e
χ2/4D0(χ) = 1. This enables us to express dk(χ) in the form
dk(χ) = pk(χ)d0(χ)− qk(χ), (2.8)
where pk(χ), qk(χ) are polynomials in χ of degree k and k−1, respectively. The functions
pk(χ) and qk(χ) satisfy the recurrence (2.7) with the starting values (p−1, p0) = (0, 1)
and (q−1, q0) = (−1, 0). The first few values are
p0(χ) = 1, p1(χ) = −χ, p2(χ) = 12+ 12χ2, p3(χ) = −12χ− 16χ3, p4(χ) = 18+ 14χ2+ 124χ4,
q0(χ) = 0, q1(χ) = −1, q2(χ) = 12χ, q3(χ) = −13 − 16χ2, q4(χ) = 524χ2 + 124χ3,
and so on.
We substitute (2.3) into the expansion (2.5) and collect terms involving like powers
of z together to yield
Γ(a, z) = za−
1
2 e−z
{ 3m∑
ℓ=0
dℓ(χ)
zℓ/2
⌊ℓ/3⌋∑
j=0
(−)jS3(ℓ, j)zj +O(z−(m+1)/2)
}
2The terms in the sum appearing in (2.5) corresponding to 3m+1 ≤ k ≤ 3m+3 are O(z−m/2−1) and
so have been included in the order term.
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= za−
1
2 e−z
{ m∑
k=0
Ck(χ)
zk/2
+O(z−(m+1)/2)
}
,
where some terms have been incorporated into the order term. The coefficients Ck(χ)
are defined by
Ck(χ) =
k∑
j=0
(−)jS3(k + 2j, j) dk+2j(χ) = Ak(χ)d0(χ)−Bk(χ), (2.9)
where {
Ak(χ)
Bk(χ)
}
=
k∑
j=0
(−)jS3(k + 2j, j)
{
pk+2j(χ)
qk+2j(χ)
}
. (2.10)
The coefficients Ak(χ) and Bk(χ) are polynomials in χ of degree 3k and 3k − 1, re-
spectively, with B0(χ) = 0; their expressions for 0 ≤ k ≤ 4 are presented in Table 2.
In [6, Table 2] the expressions are given for 0 ≤ k ≤ 8. However, the table headings
in [6] are incorrect: the headings (−)kAk(χ) and (−)k+1Bk(χ) should read Ak(χ) and
−Bk(χ), respectively. Note also that in this paper we have reversed the sign of Bk(χ)
for convenience in presentation.
Table 2: Values of the coefficients Ak(x) and Bk(x) for 0 ≤ k ≤ 5.
k Ak(x)
0 1
1 12x+
1
6x
3
2 112 +
3
8x
2 + 16x
4 + 172x
6
3 18x+
47
144x
3 + 37240x
5 + 148x
7 + 11296x
9
4 1288 +
5
32x
2 + 3471152x
4 + 6174320x
6 + 23960x
8 + 1648x
10 + 131104x
12
5 5576x+
79
432x
3 + 3671280x
5 + 32353241920x
7 + 78531104x
9 + 3717280x
11 + 562208x
13 + 1933120x
15
k Bk(x)
0 0
1 13 +
1
6x
2
2 14x+
11
72x
3 + 172x
5
3 4135 +
241
1080x
2 + 2932160x
4 + 13648x
6 + 11296x
8
4 2414320x+
341
1620x
3 + 637751840x
5 + 38917280x
7 + 4731104x
9 + 131104x
11
5 − 82835 + 14297181440x2 + 740336288x4 + 917980640x6 + 40317280x8 + 10751840x10 + 37466560x12 + 1933120x14
Then we obtain the following theorem:
Theorem 1. Let m = 0, 1, 2, . . . and χ = (z − a)/√z. Then, when ℜ(z − a) ≥ 0, we
have the expansion
Γ(a, z) = za−
1
2 e−z
{
d0(χ)
m∑
k=0
Ak(χ)
zk/2
−
m∑
k=1
Bk(χ)
zk/2
+O(z−(m+1)/2)
}
(2.11)
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as z → ∞ in the sector | arg z| < 12π. The function d0(χ) is given in (2.6) and the
coefficients Ak(χ), Bk(χ) are defined in (2.10).
A similar treatment can be applied to the function γ(a, z). Making the change of
variable t = ze−τ in (1.1) we obtain
γ(a, z) = za
∫ ∞
0
e−aτ−ze
−τ
dτ = zae−z
∫ ∞
0
e−(a−z)τ−
1
2
zτ2H(−τ ; z) dτ
provided ℜ(a) > 0. Substitution of the expansion for H(−τ ; z) in this last integral then
produces (see [6])
γ(a, z) = za−
1
2 e−z
{ 3m∑
k=0
(−)kck(z)
zk/2
dk(−χ) +O(z−
1
2
m−1)
}
, ℜ(z − a) ≤ 0
as |z| → ∞ in | arg z| < 12π. This leads to the expansion given by [6]
Theorem 2. Let m = 0, 1, 2, . . . and χ = (z − a)/√z. Then, when ℜ(z − a) ≤ 0, we
have the expansion
γ(a, z) = za−
1
2 e−z
{
d0(−χ)
m∑
k=0
Ak(χ)
zk/2
+
m∑
k=1
Bk(χ)
zk/2
+O(z−(m+1)/2)
}
(2.12)
as z → ∞ in the sector | arg z| < 12π. The function d0(χ) is given in (2.6) and the
coefficients Ak(χ), Bk(χ) are defined in (2.10).
The expansions (2.11) and (2.12) have been derived for z →∞ in the sector | arg z| <
1
2π uniformly in the parameter a. The domain of this parameter is controlled by the
different restrictions on ℜ(z − a). These do not present any computational difficulty: if
ℜ(z−a) > 0 one computes Γ(a, z) whereas if ℜ(z−a) < 0 one computes γ(a, z), with the
other function being determined from the identity (1.2). If ℜ(z − a) = 0, either function
can be computed. In this way we see that all values of a satisfying | arg a| ≤ π can be
covered by one expansion or the other.
The expansions obtained contain a complementary error function of argument pro-
portional to χ = (z − a)/√z that measures transition through the point z = a, together
with two asymptotic series in inverse powers of z1/2 with coefficients depending on χ.
The sectors of validity | arg z| < 12π and ℜ(z − a) ≥ 0 or ℜ(z − a) ≤ 0 correspond to
the sectors | arg (±χ)| < 34π, respectively. The form of the coefficients Ak(χ) and Bk(χ)
is particularly well suited for computation in the neighbourhood of the transition point,
where |χ| is not too large. For large values of χ, however, the coefficients in the form
(2.10) become increasingly difficult to compute on account of the severe cancellation that
takes place. To illustrate, we consider the evaluation of dk(χ) by means of the recurrence
(2.7) in the case k = 4. From (2.8) we have
d4(χ) = (
1
8 +
1
4χ
2 + 124χ
4)d0(χ)− ( 524χ+ 124χ3).
When χ = 10, for example, we find
d4(10) = 43.750008682907 . . . − 43.75 .= 8.682907 × 10−6.
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There is an even more extreme cancellation arising in the coefficient of z−2 in the expan-
sion (2.11) given by A4(10)d0(10) −B4(10). The values of A4(10)d0(10) and B4(10) are
about 4.9637 × 106, but their difference is of order 10−8.
One way of circumventing this problem, and so extending the usefulness of the ex-
pansions (2.11) and (2.12), would be to determine the coefficients Ck(χ) from the first
sum in (2.9) by computing the functions dk+2j(χ) through use of the routine in Math-
ematica for the evaluation of the parabolic cylinder function. An obvious criticism of
such an approach is that the parabolic cylinder function of large argument (and possibly
also large order) is being computed to determine the coefficients in the expansion of the
simpler incomplete gamma functions.
A different type of uniform expansion for a→ ∞ in | arg a| < 12π has been given by
Dingle [3, p. 249] who employed the same factorisation procedure applied to the integral
representations in (1.1). Expressed in our notation this takes the form:
Theorem 3. Let ξ = (z − a)/√a. Define the coefficients Aˆk(ξ) and Bˆk(ξ) as in (2.10)
with S3(k, j) replaced by αˆj(k), where the αˆj(k) are the coefficients in the expansion of
cˆk(a) =
dk
dtk
(1 + t)aea(−t+
1
2
t2)|t=0 =
⌊k/3⌋∑
j=0
αˆj(k)a
j (k = 0, 1, 2, . . .).
Then we have
Γ(a+ 1, z) ∼ za+ 12 e−z
{
d0(ξ)
∞∑
k=0
Aˆk(ξ)
ak/2
−
∞∑
k=1
Bˆk(ξ)
ak/2
}
, ℜ(z − a) ≥ 0,
γ(a+ 1, z) ∼ za+ 12 e−z
{
d0(−ξ)
∞∑
k=0
Aˆk(ξ)
ak/2
+
∞∑
k=1
Bˆk(ξ)
ak/2
}
, ℜ(z − a) ≤ 0
as a→∞ in | arg a| < 12π, where Aˆ0(ξ) = 1, Aˆ1(ξ) = −ξ − 13ξ2 and Bˆ1(ξ) = 23 + 13ξ2.
The coefficients Aˆk(ξ) and Bˆk(ξ) are tabulated in [6, Table 3] for 0 ≤ k ≤ 6. We remark
that the headings in this table are correct and that in the present paper we have reversed
the sign of Bˆk(ξ) for convenience.
The nature of the expansions in Theorems 1 and 2 for large χ (that is when |z−a| ≫
|z|1/2) can be examined by use of the result [9, p. 347]
dk(χ) = χ
−k−1{1− (k + 1)(k + 2)
2χ2
+O(χ−4)} (χ→∞, | arg χ| < 34π).
It is shown in [6, Section 4] that these expansions reduce to the forms given by Mahler
[4] in this limit. Similarly, when ξ is large (that is when |z − a| ≫ |a|1/2) the expansions
in Theorem 3 reduce to the expansions obtained by Tricomi [8].
3. The analysis of the function Q(a, a)
In [6], the expansions in Theorems 1 and 2 were shown to satisfy the identity (1.2) when
z = a (χ = 0). Here we examine in more detail the expansion of Γ(a, a) for large a and
demonstrate that (2.11) reduces to the known expansion cited in [5, Eq. (8.12.15)].
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When χ = 0 we have
dk(0) =
√
π
2(k+1)/2Γ(12k + 1)
so that d0(χ) =
√
π/2 and
p2k(0) =
1
2kk!
, q2k+1(0) =
√
π
2k+1Γ(k + 32)
.
Since A2k+1(0) = B2k(0) = 0, we then find, from (2.11),
Q(a, a) =
aa−
1
2 e−a
Γ(a)
{√
π
2
m∑
k=0
A2k(0)
ak
−
m∑
k=0
B2k+1(0)
ak+
1
2
+O(a−m−1)
}
=
√
2πaa−
1
2 e−a
Γ(a)
m∑
k=0
A2k(0)
ak
{
1
2
− 1√
2πa
m∑
k=0
Ek
ak
+O(a−m−1)
}
as a→∞ in | arg a| < 12π, where we have put∑m
k=0B2k+1(0)a
−k∑m
k=0A2k(0)a
−k
=
m∑
k=0
Ek
ak
+O(a−m−1).
From (2.10), the coefficients A2k(0) and B2k+1(0) are given by
A2k(0) =
2k∑
j=0
(−1)jS3(2k + 2j, j)
2k+j(k + j)!
, B2k+1(0) =
√
π
2k+1∑
j=0
(−)jS3(2k + 2j + 1, j)
2k+j+1Γ(k + j + 12)
.
The well-known expansion of Γ(a) is [5, Eq. (5.11.10), (5.11.11)]
Γ(a) =
√
2πaa−
1
2 e−a
m∑
k=0
(−)kγka−k +O(a−m−1) (3.1)
as a→∞ in | arg a| ≤ 12π, where the first few Stirling coefficients γk are
γ0 = 1, γ1 = − 112 , γ2 = 1288 , γ3 = 13951840 , γ4 = − 5712488320 , . . . .
It has been shown in [1, Theorem 2.4] that A2k(0) = (−)kγk. Consequently we have the
expansion
Q(a, a) =
1
2
− 1√
2πa
m∑
k=0
Eka
−k +O(a−m−1) (3.2)
as a→∞ in | arg a| < 12π, where routine evaluation of the coefficients Ek with the help
of Mathematica shows that
E0 =
1
3 , E1 =
1
540 E2 = − 256048 , E3 = − 101155520 , E4 = 31848113695155200 ,
E5 =
2745493
8151736320 , E6 = − 119937661225740390400 , E7 = − 832570531604924176795811840000 , . . . .
The expansion (3.2) agrees with that given in [5, Eq. (8.12.15), (8.12.17)], where values
of Ek are given up to k = 5.
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4. Concluding remarks
We have shown that the table of the coefficients Ak(χ) and Bk(χ) that appear in the
asymptotic expansions of the incomplete gamma functions given in [6, Table 2] has in-
correct headings, although the forms of these coefficients themselves are correct. This
has led to an error in the presentation of these expansions in Eqs. (8.12.18) – (8.12.20)
in the DLMF Handbook [5]. This entry should read:
Q(a, z)
P (a, z)
}
∼ z
a− 1
2 e−z
Γ(a)
{
d(±χ)
∞∑
k=0
Ak(χ)
zk/2
∓
∞∑
k=1
Bk(χ)
zk/2
}
as z → ∞ in | arg z| < 12π, and ℜ(z − a) ≤ 0 for P (a, z) and ℜ(z − a) ≥ 0 for Q(a, z).
Here
χ =
z − a√
z
, d(±χ) =
√
π
2
eχ
2/2 erf
(±χ√
2
)
and A0(χ) = 1, A1(χ) =
1
2χ+
1
6χ
3, B1(χ) =
1
3 +
1
6χ
2.
We have also examined more closely the expansion for Q(a, a) and have shown that
(2.11) reduces to the expansion cited in [5, Eq. (8.12.15)].
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